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A plane problem of nons ta t ionary  waves  in an infinite i so t rop ic  l aye r  is  cons idered .  A norma l  
force  begins  to act  on the boundary of the l aye r  at the instant  t = 0. The opposi te  side of the 
l aye r  i s  f ree  from s t r e s s e s .  Using in tegra l  t r a n s f o r m a t i o n s ,  the solution of the problem is  ob- 
tained in t e r m s  of t r a n s f o r m s .  Expanding the t r ans fo rm solution in a s e r i e s  of exponential  pow- 
e r s  and inver t ing each te rm of the resu l t ing  s e r i e s ,  the exact  solution of the problem is  ana ly t i -  
cal ly de te rmined .  The f ie lds  of s t r e s s e s  and ve loc i t i e s  in the l aye r  a re  calcula ted.  The use of 
ana ly t ica l  r e l a t i onsh ip s  for  the calcula t ion,  in con t ras t  to the calcula t ion with f in i t e -d i f f e rence  
methods ,  al lows us to f a i r ly  accu ra t e ly  de t e rmine  the wave pa t te rn  and to e l imina te  the spec i -  
fic effects  inherent  in the d i f fe rence  equations.  The calcula t ion a lgor i thm used in this  work 
al lows us to ca lcula te  the solut ions of the problem at any point of the l aye r .  The r e s u l t s  p r e -  
sented give an idea about the d i s t r ibu t ion  of s t r e s s e s  and ve loc i t i e s  of p a r t i c l e s  a c r o s s  the 
th ickness  and in the longitudinal d i rec t ion .  The calcula t ion of nons ta t ionary  p r o b l e m s  by sum-  
ming over  waves,  as  is  done in the p r e s e n t  work,  side by side with the me thods  p resen ted  in 
[1, 21, al lows t r ans i en t  wave p r o c e s s e s  in the l aye r  to be r e p r e s e n t e d  in a m o r e  complete  m a n -  
ner .  

Let a l a y e r  occupy a region  bounded by the p lanes  y = 0 and y = 1. The other  two axes  (x and z) a re  
pe rpend icu la r  to the y axis  and are  located in the plane of the l ayer .  As units of m e a s u r e m e n t  in the prob-  
lem we have taken the th ickness  of the l aye r ,  the veloci ty  of the wave of expansion (cl), and the dens i ty  of 
the m a t e r i a l .  The t ime  in te rva l  dur ing which the wave of expansion cove r s  a d i s tance  equal to the th ickness  
of the l a y e r  s e r v e s  as a t ime  unit. 

In the boundary condit ions we specify the d i s t r ibu t ion  of the s t r e s s  vec tor  on the front side of the 
l a y e r  y = 0; on the r e a r  side of the l aye r  y = 1 s t r e s s e s  a r e  absent:  

i 8 8o(t), 
% = ~ 62 + z2 

z .~=O (~=0) 
(1) 

Here by ~0(t) we have denoted the Heavis ide  unit function, while 5 i s  a r e a l  p a r a m e t e r  of the load. 

The in i t ia l  condition s of the problem are  zero .  

The s t r e s s e s  and d i s p l a c e m e n t s  do not depend on the z coordinate  and a re  connected by the l i nea r  
r e l a t ionsh ips  

O~_ 3v �9 % = ( i - - 2 c 2  2) + ~ ,  e ~ , = e ~ - - % ~ = 0  
t2) 

where e l f  a r e  the s t r a i n s  in the l aye r .  
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The  long i tud ina l  d i s p l a c e m e n t  u and the t r a n s v e r s e  d i s p l a c e m e n t  v in the l a y e r  m u s t  s a t i s f y  the  e q u a -  

t i ons  

OZu Co~ O"-v OZu ~ u  _ 0 Oz' :: ( 1 - -  . , ~ + e ~  e Og~ a T  

20~~ O~u Ozv" Oar : 0 
c~ ~ + (t - c~ ~) b T W  + ou' or'- 

t3) 

In t e r m s  of  the  un i t s  of  m e a s u r e m e n t  adop ted  c~= v~ i s  the v e l o c i t y  of  the s h e a r  wave ;  ~ + 2#= 1; X, 
a r c  the e l a s t i c  c o n s t a n t s  of  the  m a t e r i a l ,  and t i s  the  t i m e .  

When so lv ing  the p r o b l e m ,  we use  the  L a p l a c e  t r a n s f o r m a t i o n  with r e s p e c t  to t and the F o u r i e r  t r a n s -  
f o r m a t i o n  a long the x a x i s  

u L ( p )  = \ u ( t )  e x p ( - - p t ) d t ,  u f  (q) - i u ( x ) e x p ( i q x ) d x  
v. 
0 --oc 

Having app l i ed  the i n t e g r a l  t r a n s f o r m a t i o n s  to the e q u a t i o n s  of  m o t i o n  (3), we ob ta in  a s y s t e m  of  o r -  
d i n a r y  d i f f e r e n t i a l e q u a t i o n s  with c o n s t a n t  c o e f f i c i e n t s .  Solving the s y s t e m  and d e t e r m i n i n g  the v a l u e s  of  the 
c o n s t a n t s  in the  g e n e r a l  so lu t ion  f rom the t r a n s f o r m e d  b o u n d a r y  cond i t ions  (1), we f ind the t r a n s f o r m s  of  
s t r e s s e s  and v e l o c i t i e s  in the  i s o t r o p i c  l a y e r  

[cgu ,.LF 1 

, , ~ 1  -= . - 5 - b 2 2 i q e x p  ( - -  61 q[) [(n., 2 .[- q2) f)~ _ 2thn~f)2] 

o-rl -: T~" - 'n "x f ' ( -61q l )~L(n" -  + q ' ) ~ - ~ ' -  2q~ 

: 2@ exp ( - -  6 [ q [) [(n2 "~ .-= q2) (b22q~ _ (b~." - -  2)hi- ' )  (-)-i - -  4ng~.q2r 

.1,z.' l t4) 
o v = --  ~-~p oxp (- -  61q[) [(n.z 2 -'p q~ i -.- ~n~n2q%(.)2] 

:t [-)I -Q.2 X, 
. , .~ ~q n,(n22 ~-q'2)cxp(-6lql) ~-~.,s,,,,1 J 

n, = V q "  -i- p", n2 --  V q2 -I- b.~'2p 2, nL.,. > 0 
for p > O ,  Imq -- 0 

- -  +-7~ ch--T-~ s h . - ~ - - - n t y l  Qt =:-zTsh=2 - c h \ 2  nzy)  1 . nj  - / h i  

(b,. = l[c~, l--=l,2; l - i - /  :3) 

By L~ and L:~ we deno te  the d e n o m i n a t o r s  of the  s y m m e t r i c  and a n t i s y m m e t r i c  p a r t s  of the so lu t ion  

, ~l nj L z . . ( n 2 2 - r q 2 ) 2 c h - ~ - s h ~ - - - , ' m , n . q 2 s h - ~ - c h - f -  (z t.2; / - t - /=3 )  

The so lu t ion  (4) d e s c r i b e s  al l  w a v e s  tha t  a r i s e  a s  a r e s u l t  of m u l t i p l e  r e f l e c t i o n s  f rom the b o u n d a r i e s .  
We can r e p r e s e n t  the  g iven  so lu t ion  in the  form of  a s e r i e s  of wave  g r o u p s  tha t  unde rgo  the s a m e  n u m b e r  of 
r e f l e c t i o n s .  F o r  th i s  we r e p r e s e n t  the  so lu t ion  (4) in the fo rm of e x p a n s i o n s  in a s e r i e s  of  e x p o n e n t i a l  pow-  
e r s  ( see ,  fo r  e x a m p l e ,  [3]) 

ac 

n2"~ ~ --~- 0 R 1 L [  1 4 exp ( - -  n, [exp ( - - ' h  -- n2) -]- (--1)  t • 
=- , 2 ~i,_ 

r/.\ 
• q" (cxp (--nl)  - -  exp (--n~))]" = 4 exp n, , 2 ~') X 

• ~ ~ ( - - t ) c z - ~ a , , . ~ e x p [ ( m - - n ) n x + ( k - - m - - n ) n 2 ]  
r ~ O  h'=O m ~ O  

(-- t )m@'n! (l = 1, 2) 
Ir R ,  = (n,fi .a_ q.2).2 + (_ l )Z4n ,n .2q2 ,  a,,,,,~, = m! ( n - -  k)! (k - -  ,n)] T - - R a  , 

These expansions allow us to write ~ l  in the solution in the form of a sum of exponentials. Each 
exponential determines the contribution to the solution by a reflected wave corresponding to it 

1r ~ [ e x p ( -  n~g) - -  exp (- -n , - -n~ i m!t)l EL ; [exp (--nr 

-i- ntg) - -  exp (--n.; - -  nfg)l V.., 
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[ ( - - i )  ~ 4- (--1)'*'] a,n,., exp [(m - -  n)nt -- 

-~- (k --  m --  n) n~l ,) = I. 2; 1 -F i =: 3) 

(5) 

We subs t i t u t e  the  e x p a n s i o n s  (5) into the so lu t ion  of the  p r o b l e m  (4). The  exponen t i a l  m u l t i p l i e r s  of 
each  t e r m  in the  so lu t ion  i nd i ca t e  the d e l a y  of  the o r i g i n a l  funct ion  fo r  the  g iven  t e r m .  Thus ,  in the c a s e  of  
a g iven  t i m e  t we m u s t  r e t a i n  a f in i te  n u m b e r  of te rms in the so lu t ion .  Be low the s u m m a t i o n  o f  w a v e s  i s  
w r i t t e n  in d e t a i l .  

We c o n s i d e r  an a r b i t r a r y  t e r m  in the  so lu t ion  (4) 

o ~.~(p, q, .,/) .... l e D ( p ,  q) exp l--cLnx (p, q) - -  [~n~ (p, q ) - -  
o 

- - 5 ] q  I] == o. (p ,q)  e x l , ( - - 5 1 q l )  

t~.., (p, p ~) = pn~.~ (1, ~1. r (p, pD = ~ (1, ~) 

~6) 

Here  nl ,  2 a r e  h o m o g e n e o u s  func t ions  of the  f i r s t  o r d e r ,  whi le  ~ i s  of the  z e r o t h  o r d e r .  T r a n s f o r m s  
of  such fo rm a r e  i n h e r e n t  to s i m p l e r  d y n a m i c  p r o b l e m s :  the p l ane  p r o b l e m  c o n c e r n e d  with a d i s t u r b a n c e  
s o u r c e  in an in f in i te  m e d i u m ,  the  p lane  p r o b l e m  of  L a m b  for  a h a l f - s p a c e .  In the given c a s e  the  so lu t ion  
of  the p r o b l e m  with the c h a r a c t e r i s t i c  d i m e n s i o n s  (the t h i c k n e s s  of the l a y e r  and the load  p a r a m e t e r  5) ,  
thanks  to the  e x p a n s i o n s  (5), can be r e p r e s e n t e d  as  a sum of  s i m i l a r  L F  t r a n s f o r m s .  

When i n v e r t i n g  (6), we use  the me thod  p r o p o s e d  in [4] (pp. 80-85,  194-201) and used  in the  so lu t ion  of 
the p r o b l e m  of  L a m b  for  an i s o t r o p i c  h a l f - s p a c e .  

We r e p r e s e n t  the  sought  o r i g i n a l  funct ion in (6) in the  fo rm 

= ~+ (s+) .:- ~_ (s_), s+  =: 5 :-= ix (7) 

The  func t ions  (r+ and a a r e  the  a n a l y t i c  func t ions  s+ in the r i g h t  h a l f - p l a n e s  Re s• >0 

cc 

~ (s_+) - 21.-~ I ~0f(+ q)exp (- -  s• (8) 
- , 

0 

Since a+ and a_ a r e  a n a l y t i c  func t ions ,  they  a r e  c o m p l e t e l y  d e t e r m i n e d  by i t s  v a l u e s  on the r e a l  h a l f -  
axes  Re s+= 5 >0. Tak ing  into accoun t  the  r e p r e s e n t a t i o n  of the  funct ion a in t7), f rom (8) we d e t e r m i n e  

c o  

I ~(p' (9) ~L == ~+L 4- ~-" = 2 Re .%t. = ..~ Re ~0 L q) exp (--s+q) dq 
o 

Having put  q=p~ in the  c a s e  s+ >0, p >0, we ob ta in  the  L t r a n s f o r m  of  the sought  funct ion 

~o 

' f ~L (p, S+, y) = - ~  Be @ (1, ~) exp [ - -p  (:~ml + ~m2 4- s+g)l dg 
o (I0) 

m, = V i  + ~2', m, = V b2~ -,-' ~2.q 

ml, 2 ~ 0  for R e ~ O ,  I m ~ = O  

The  p o s i t i v e  v a l u e s  of  p ly ing  on the r i g h t  o f the  c o n v e r g e n c e  a b s c i s s a  c o m p l e t e l y  d e t e r m i n e  the t r ans -  
fo rm a s  an ana ly t i c  funct ion of p. 

We deno te  

am,(~) +[~m2(~) + s ~ - -  t + a + b ~ [ ~  (s+>0) (11) 

The positive solution of Eq. (11) is the only one relative to t, since on the left there is the positive 
Is+ >0) monotonically increasing function 
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(d~/dl) -~ = a,n'l (~) + ~m2" (~) @ s+ > O (~ > 0) 
(~) m l ,  2 ~ o o  as g --,',- r  

C a r r y i n g  out the subs t i t u t i on  of the v a r i a b l e s  t l l ) ,  we b r i n g  the L t r a n s f o r m  of the funct ion ~ in the 

e x p r e s s i o n  (10) to the form 

~o 

0 

(s~ > O) 

exp [--p(t  l -  :~ -i- b23)] dt 

On the r igh t  s ide /12) t he r e  s t ands  the Laplace  t r a n s f o r m  of the funct ion 

(12) 

t ~(1, ~ (t--a--b2~, s,., 

(s, = 5 + i:r) 

which thus is  the sought funct ion.  In the case  5 = 0 we obta in  the e x p r e s s i o n  of the g e n e r a l  t e rm  of the so lu-  
t ion for  a concen t r a t ed  load.  

When so lv ing  the p rob lem on a d ig i ta l  c o m p u t e r ,  the e x p r e s s i o n s  t13) were  summed .  The c o n c r e t e  
form of 4, (1 ,~)  for each t e r m  e m e r g e s  from (4) and t5). The v a l u e s  of ~ were  d e t e r m i n e d  n u m e r i c a l l y  
f rom E q . ( l l ) ,  which for  o ~- 0, fl ~ 0, s+ = 5 + ix ~ 0 is  an equat ion  of the fourth deg ree  with eomplex  coe f f i -  
c ien t s .  The d e g r e e  of the equa t ion  is  r educed  if  e i t h e r  c~ o r  f i i s  ze ro .  If s+ = 0 (the load on the su r f ace  of 
the l a y e r  is  coneen t r a t ed  and the wave p r o c e s s  i s  c o n s i d e r e d  on the axis  of s y m m e t r y  x= 0), then Eq. (11) 
is r educed  to a b i q u a d r a t i c  equat ion .  AIthough in th i s  case  ~ is  f a i r ly  s imp ly  e x p r e s s e d  in t e r m s  of t and y. 
it is not r e g a r d e d  as p o s s i b l e  to p r e s e n t  the so lu t ion  in exp l ic i t  form be c a use  of i t s  c u m b e r s o m e n e s s .  

The so lu t ion  for the t angen t i a l  ac t ion on the f ront  su r f ace  of the l a ye r  is  obta ined  ana logous ly .  If in 
the bounda ry  condi t ions  we r e p l a c e  5 0(t) by the i m p u l s e  5 ~(t), then also the u and v - d i s p l a c e m e n t s  in the 
l aye r  will  be e x p r e s s e d .  

We wr i t e  the a lgo r i thm of wave s u m m a t i o n  used in the problem d u r i n g  the ca lcu la t ion .  In the expan-  
s ions  of ~ l '  in the e x p r e s s i o n s  tS), the quan t i t i e s  

A t = exp (-- n l - -  n2-&, n~y), A 3 =  e x p ( - -  nl-F- nly) 
A~ = exp (--  n l - -  n2-l- n2y), A 4 = e x p ( - - n  2 + n2y ) 
B 1 = e x p ( - -  nly), B3 = e x p ( - - n 2 - - n l y )  
B 2 = exp(--n~/) ,  B4--  e x p ( - - n l - - n 2 y )  

stand as m u l t i p l i e r s  of 2~ and Z2. 

The t e r m s  with the coef f i c ien t s  A i d e s c r i b e  waves  going from the r e a r  side of the l aye r  y = 1 to the 
f ront  side y= O; the terms with the coef f i c ien t s  B i d e s c r i b e  waves  re f l ec ted  from the f ront  s ide and going 

Jw 

o o .  

2 

! 

] j.z-z/ 

-% 
--% f 

4 - \  

I 2 "'" Z-3 Z-Z l-I J at 

Fig .  1 

to the r e a r  s ide of the l aye r .  The r a d i c a l s  n I and n 2 of the i n d i c e s  of 
the exponen t i a l s  ind ica te  the form of the wave,  while the m u l t i p l i e r s  
in front  of them [see (5)] ind ica te  the length of run  of the wave a c r o s s  
the t h i c k n e s s  of the l aye r .  

We denote ,  as  was  done above [see (6)], by a' (m, n) the m u l t i p l i e r  
in the index of the exponent ia l  for  nl ,  and denote  by p (m, n, k) the m u l -  
t i p l i e r  for n 2. Let  j d e t e r m i n e  the n u m b e r  of r e f l e c t i o n s  which the 
wave of e x p a n s i o n  unde rwen t ,  going out f i r s t  f rom the d i s t u r b a n c e  source  
on the boundary  y=  0. If t o is  the t ime  s ince  the s t a r t  of the p r o c e s s ,  
then 0-< j-< E(t0) 4 1 (E is the i n t e ge r  pa r t  of the n u m b e r ) .  Co l lec t ing  
in Z 1 and Z 2 waves  t r a v e r s i n g  the t h i c k n e s s  of the l a ye r  j t i m e s  (a'+fl= 
= j), we d e t e r m i n e  the c o m b i n a t i o n s  of m ,  n, k, which d e s c r i b e  all  waves  
that  have been  fo rmed  af te r  the j - t h  r e f l e c t i on .  In this  way we s ing le  
out all  waves  that have covered  the s ame  d i s t a n c e  a c r o s s  the t h i cknes s  
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of the  l a y e r .  The  fac t  tha t  they  p r o c e e d  wi th  d i f f e r e n t  v e l o c i t i e s  (c I and c 2) and,  c onse que n t l y ,  tha t  r e f l e c -  
t ions  of the s h e a r  w a v e s  a r e  d e l a y e d  in t i m e ,  wi l l  be t aken  into account  l a t e r .  

We find that  for  Z 1 and Y-2 with the  m u l t i p l i e r s  A1, A2, B1, B 2 in the c a s e  of an even  j ,  m,  n, k,  t h e y v a r y  
wi th in  the l i m i t s  j / 2 - < n ~  j ,  k = 2 n -  j ,  0 - m ~ k ,  whi le  in the  c a s e  of an odd j they  v a r y  wi th in  the l i m i t s  
( j + l ) / 2 - < n ~ j , k = 2 n - j ,  0 ~ m - < k .  

F o r  w a v e s  d e s c r i b e d  by the e x p r e s s i o n  with the m u l t i p l i e r s  A3, A4, B3, B a in the  s u m m a t i o n  we m u s t  
m a k e  a sh i f t ,  and n a m e l y ,  i f  j i s  even ,  then for  j->2 we find j ~ n - < - j  - 1, k = 2 n -  j §  1, 0-<m <-k. If, h o w e v e r ,  
j i s  odd and j> -3 ,  then  (j - 1 ) / 2 ~ n < - j - 1 ,  k = 2 n -  j 4  1, 0-<m<-k.  

In  the c a l c u l a t i o n  of  the p r o b l e m  the n u m b e r  of  r e f l e c t i o n s  of w a v e s  f rom the s u r f a c e s  of the  l a y e r  
was  d e t e r m i n e d  a s  fo l lows .  In F i g .  1 by a r r o w s  we have  i n d i c a t e d  the  d i r e c t i o n s  a long which  one m u s t  
move  to r e a c h  the  s t r a i g h t  l ine  MM. Along the axes  we have  m a r k e d  off  the  d i s t a n c e  OM= j +  l = l  t r a v e r s e d  
by the f i r s t  wave  of e x p a n s i o n  up to the  i n s t a n t  of  ~j + 1)-th r e f l e c t i o n .  The  nodes  of the g r i d  d e t e r m i n e  the 
v a l u e s  of  (~ and fl at  which  the r e f l e c t i o n s  took p l a c e .  Al l  p o s s i b l e  p a t h s  up to the  s t r a i g h t  l ine  MM, equa l  
to OM, d e t e r m i n e  a l l  c o m b i n a t i o n s  of  w a v e s  (the v a l u e s  ~ and fl) which w e r e  f o r m e d  a f t e r  the j - t h  r e f l e c -  
t ion.  Having s u m m e d  t h e s e  w a v e s  ( s ee  the d e p e n d e n c e s  of m ,  n, k on j p r e s e n t e d  above) ,  we d e t e r m i n e  the 
con t r i bu t i on  of  the  g iven  j - t h  r e f l e c t i o n  to the so lu t ion  of the  p r o b l e m .  To find the c o m p l e t e  so lu t ion  of 
the p r o b l e m ,  the  s u m s  ob ta ined  for  the  v a r i o u s  j m u s t  be s u m m e d  o v e r  j.  

To t ake  into account  the d e l a y  of  the  s h e a r  w a v e s ,  we m a r k  off on the fl ax i s  the s e g m e n t  ON=c2t  0. 
The  s t r a i g h t  l ine  MN in F ig .  1 ( i t s  equa t ion  i s  (~ + b2~ = t 0) wi l l  cut off  only  t hose  w a v e s  which  m a n a g e d  to 
a r r i v e  at  the  g iven  po in t  of the  l a y e r ,  i . e . ,  c o m m e n c i n g  with  j=E(c2t0) ,  we m u s t  t ake  into account  w a v e s  fo r  
which  the i nequa l i t y  tp+  t = ~ + b2fl ~ t o i s  fu l f i l l ed .  H e r e  by tp and t s we have  m a r k e d  the t i m e s  t aken  by 
the e x p a n s i o n  and s h e a r  w a v e s  in t r a v e r s i n g  a c r o s s  the  t h i c k n e s s  of the  l a y e r  o v e r  the  d i s t a n c e s  (~ and fl 
r e s p e c t i v e l y .  

In the  c a l c u l a t i o n  of the  p r o b l e m  the v a l u e s  of ~ w e r e  d e t e r m i n e d  f r o m  Eq. (11). F o r  s+>0 (x=0)  
p o s i t i v e  ~ a r e  the  so lu t i ons  of the  equa t ion .  Ex tend ing  the so lu t ion  of the p r o b l e m  to v a l u e s  x >0, we m u s t  
a n a l y t i c a l l y  cont inue  the  so lu t ion  of  the  equa t ion  into the  d o m a i n  of c o m p l e x  v a l u e s .  The  v a l u e s  x < 0 can be 
i g n o r e d  b e c a u s e  of the s y m m e t r y  of  the p r o b l e m  about  the  y ax i s .  F r o m  the a n a l y s i s  of the  s o l u t i o n s  of 
Eq. (11) we can d e t e r m i n e  the s i g n s  of  the  r e a l  and i m a g i n a r y  p a r t s  of ~. I t  i s  shown that  in the c a s e  x >0 
in the  r e g i o n  w h e r e  d i s t u r b a n c e s  e x i s t  Re ~-> 0, whi le  Im ~-< 0. Thus ,  for  p o s i t i v e  v a l u e s  of x the r o o t s  of 
Eq. (11) a r e  l oca t ed  in the four th  q u a d r a n t  of the c omple x  ~ p l ane .  

When c a l c u l a t i n g  the  w a v e s  in  the  l a y e r ,  we a s s u m e d  c2= 1/1.7. Th i s  c o r r e s p o n d s  to ~, = 0.89 ~. B e -  
low we have  p r e s e n t e d  c e r t a i n  r e s u l t s  of the  c a l c u l a t i o n s  of the  f ie ld  of s t r e s s e s  and v e l o c i t i e s  of  p a r t i c l e s  
in the  l a y e r  u n d e r  a load tha t  i s  c l o s e  to a c o n c e n t r a t e d  load  (5 = 0.01). 

When a load  d i s t r i b u t e d  a long the x ax i s  a c t s  a t  the  i n s t a n t  of  t i m e  t =  0, a l l  po in t s  of  the  s u r f a c e  a r e  
s u b j e c t e d  to a d i s t u r b a n c e  and it r a d i a t e s  e x p a n s i o n  and s h e a r  waves .  S t r a i g h t - l i n e d  f r o n t s  p r o p a g a t i n g  
in the  d i r e c t i o n  of the  y ax i s  wi th  the  v e l o c i t y  of e x p a n s i o n  and s h e a r  w a v e s  a r e  the e n v e l o p e s  of t h e s e  
w a v e s .  The  f in i te  j ump  u n d e r g o n e  by the so lu t ion ,  when p a s s i n g  th rough  the s t r a i g h t - l i n e d  f ron t ,  d e c a y s  
with t i m e .  With in  t h e s e  r e g i o n s  the  v a l u e s  of  s t r e s s e s  and v e l o c i t i e s  of p a r t i c l e s  a r e  con t inuous ,  but  they  
have  p e a k s  at the po in t s  c o r r e s p o n d i n g  to the  wave  f r o n t s  in the c a s e  of  a c o n c e n t r a t e d  load.  The  p e a k s  a r e  
e x p r e s s e d  the m o r e  s h a r p l y ,  the c l o s e r  the  load  i s  t aken  to a c o n c e n t r a t e d  load.  F o r  a c o n c e n t r a t e d  load  
the  v a l u e s  of  v e l o c i t i e s  of  p a r t i c l e s  and s t r e s s e s  at  t h e s e  p o i n t s  b e c o m e  inf in i te .  In the  fo l lowing,  s ince  
the  load  i s  t aken  to be c l o s e  to a c o n c e n t r a t e d  load ,  p r e c i s e l y  t h e s e  po in t s  wi l l  be ca l l ed  f r o n t a l  po in t s .  

On the s u r f a c e  y =  0 .~y and a x y  a r e  s u b j e c t e d  to the b o u n d a r y  cond i t i ons  (1), wh i l e  r, ( rx=--99.99 in  the  
c a s e  x = 0, y =  0, t = 1.9. Then ,  beg inn ing  with  x = 0.65, the  va lue  of  ~x b e c o m e s  p o s i t i v e  and h a s  m a x i m a  at  
the p o i n t s  of R a y l e i g h  and s h e a r  w a v e s  

x = i .9  c~ t  ~ i.025, ~ x  = 33.97; x = t . 9  c 2 ~ t . i i ,  ~ -- 0.75 

B e f o r e  the  f ront  of the s h e a r  wave ,  in the c a s e  of  x = 1.6 a x aga in  b e c o m e s  c o m p r e s s i v e  and h a s  a 
m i n i m u m  7r(r x = - 0 . 9 2  a t  the  poin t  x = 1.875. Since d i s t u r b a n c e s  r e f l e c t e d  f rom the b o u n d a r y  y = 1 cannot  
r e a c h  the b o u n d a r y  y =  0, the  wave  f ie ld  on the  s u r f a c e  of  the  l a y e r  c o i n c i d e s  with the wave  f ie ld  on the s u r -  
face  of  the h a l f - s p a c e .  

On the l o w e r  g r a p h s  of F i g .  2 we have  r e p r e s e n t e d  the s t r e s s e s  i n s i d e  the  l a y e r  for  y =  0.2, 0<--x~ 1.9, 
t = 1.9, w h e r e  ~ra x i s  the do t ted  l ine ,  r a y  i s  the so l id  l ine ,  and V~xy i s  the  d a s h - d o t t e d  l ine .  The  f r o n t s  w e r e  
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cons t ruc t ed  g e o m e t r i c a l l y  in o r d e r  to d e t e r m i n e  the waves  to which the peaks  c o r r e s p o n d .  On the g raph  
the s y m b o l s  p and s denote  the t r a c e s  of the f ron t s  of expans ion  nnd she a r  waves .  The sequence  of ~ z n b o l s  
po in t s  to the form of inc iden t  and re f l ec ted  waves .  The  s3~qbol k m a r k s  the t r a c e  of the s t r a i g h t - l i n e d  f ron t  
of the s h e a r  wave.  The p r e s e n c e  of a peak of gx at x -  0.9 is  due.  appa ren t ly ,  to a Ray le igh  su r f ace  wave.  
Th i s  peak,  fol lowing d i r e c t l y  the t r a c e  behind the peak on the f ron t  of the she a r  wave,  is  o b s e r v e d  for y=  0.4, 

x ~ 0.85. The value of the s t r e s s  cs x at th is  point  is  

ac~., a (~.,.)0 + :~ (g.,')p, ~ 0.181 "V 0.589 

Here we have i so la ted  the con t r ibu t ion  p roduced  by the re f lec ted  longi tud ina l  wave.  

A ca lcu la t ion  showed a growth in the d i s t u r b a n c e s  at po in ts  of the s t r a i g h t - l i n e d  f ront  k as y i n c r e a s e s .  
The s t r e s s  ~s x on the axis  of s)q~ametry x = 0, when m o v i n g  away from the o r i g i n  of the coo rd ina t e s ,  f rom 
c o m p r e s s i v e  b e c o m e s  t en s i l e  and i n c r e a s e s ,  while CSy. d e c r e a s i n g  to zero  at y : 1, r e m a i n s  c o m p r e s s i v e  all 
the t ime .  The shea r  s t r e s s  on the x = 0 ax is  is  ze ro .  

On the g r a p h s  of Fig .  2 we have a l so  p r e s e n t e d  the va lues  of the s t r e s s e s  r, cr ~:e ~er in the sec -  x" y '  xy 
t ion 5' = 0.2. ca l cu la t ed  for the i n s t an t  of t ime  t - 5. Since the so lu t ion  was d e t e r m i n e d  by s u m m i n g  over  
waves ,  the con t r ibu t ion  of each r e f l ec t ed  wave to the so lu t ion  is  e a s i l y  d e t e r m i n e d .  In each t e rm  we can 
s ingle  out a peak at the point  of the f ron t  of the g iven wave.  In th i s  m a n n e r  the t r a c e s  of c e r t a i n  wave 
f ron t s  shown on the graph  were  a p p r o x i m a t e l y  d e t e r m i n e d .  F r o m  the g raphs  thus  p r e s e n t e d  we see that 

the s t r e s s a y m o s t  of ten changes  i t s  s ign,  o s c i l l a t i n g  about zero .  The s t r e s s  a x within a fa i r ly  l a rge  seg-  
m e n t  0.7 < x < 2.4 is  c o m p r e s s i v e .  The  shea r  s t r e s s  (~y changes  the s ign  a p p r o x i m a t e l y  as  m a n y  t i m e s  as 
t h e r e  a re  re f lec ted  c i r c u l a r  s h e a r  f ron t s .  The she a r  s t r e s s  changes  the sign also when pa s s i ng  through 
the s t r a i g h t - l i n e d  f ron t  of the shea r  wave k. 

The g r a p h s  in Fig .  3 r e p r e s e n t  the v e l o c i t i e s  of p a r t i c l e s  for 5,=0.2 and t= 1.9 ( ~ / 0 t  is  the solid l ine ,  
0v/dt is the dotted l ine) .  Us ing  the e x a m p l e  of the wave pp. we can e x a m i n e  the effect  of the r e f l ec t ed  wave 
on the d i r e c t i o n  of the r e s u l t  ve loc i ty  of p a r t i c l e s ,  if up to the a r r i v a l  of the r e f l ec t ed  wave at po in t s  wi th-  
in the s wave & l / a t -  ~ 0 and 0v/0t > 0. then the r e f l ec t ed  expans ion  wave pp. in which 0 u / 0 t -  0. dv/dt < 0. 
" swings  about" the r e s u l t i n g  ve loc i ty .  Here  0 u / 0 t -  < 0. Or/at < 0. The peaks  at x = 1.6 d e t e r m i n e  the a r r i v a l  
of the s t r a i g h t - l i n e d  f ront  of the shea r  wave.  The r e s u l t i n g  ve loc i ty  i s  d i r e c t e d  to the su r f ace  y = 0 and 
a l m o s t  co inc ides  in d i r e c t i o n  with the s t r a i g h t - l i n e d  f ront  of the shear  wave.  

The c a l c u l a t i o n s  were  c a r r i e d  out on a BESM-6 dig i ta l  compute r �9  When c o n s t r u c t i n g  the g r a p h s .  77 
po in t s  we re  taken on the s e g m e n t  0 - < x ~  1.9. F o r  the ca lcu la t ion  of %. ~=, rSxy, Ou/at. or/or at a s ing le  point  
for  t : 1.9 a p p r o x i m ~ e l y  0.16 sec  was  used.  
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We note the applicabil i ty of the calculation scheme presen ted  in this paper  to the de te rmina t ion  of the 
solution of an a x i s y m m e t r i c  p rob lem.  This  follows f rom the poss ib i l i ty  of going f rom the F o u r i e r  t r a n s -  
format ion  over  to the Hankel t r ans fo rma t ion  [4, 5]. Fo rma l ly  in (13) we mus t  r ep lace  x by r sin 0 (r is the 
rad ius  f rom the origin of the coordinates)  and in tegra te  ove r  the angle 0 f rom 0 to 7r. The r ep re sen ta t i on  
of the solution in the form of a s e r i e s  and i ts  invest igat ion on the axis of s y m m e t r y  can be found in [6, 7]. 

1. 

2. 

3. 

4. 
5. 

6. 
7. 

L I T E R A T U R E  C I T E D  

U. K. Nigul, "Application of the th ree -d imens iona l  theory of e las t ic i ty  to the analysis  of the wave 
p r o c e s s  of f lexure of a semi- inf in i te  plate  under  a boundary load of s h o r t - t e r m  action," PMM, 2._77, 
No. 6 (1963). 
N. D. Veks le r ,  A. I. Myannil ' ,  and U. K. Nigul, "Use of the grid method in a theory  of the Timoshenko 
type for the invest igat ion of t rans ien t  p r o c e s s e s  of deformat ion  of p la tes  of finite d imens ions , "  Pr ik l .  
Mekhan., 1, No. 12 (1965). 
G. I. Pe t rashen ,  "Propagat ion  of e las t i c  waves  in l a y e r - w i s e  i so t rop ic  media  divided by para l le l  
p lanes ,"  Uch. Zap. LGU, I ssue  26~ No. 162 (1952). 
L. I. Slepyan, Nonsta t ionary E las t i c  Waves [in Russian] ,  Sudostroenie,  Leningrad ~1972). 
S. L. Sobolev, "Certain p r o b l e m s  of propagat ion of v ibra t ions , "  in: Differential  and Integral  Equations 
of Mathematical Physics [in Russian], ONTI, Gostekhizdat, Leningrad-Moscow (1937), Chap. 12. 
K. I. Ogurtsov,  "S t ress  waves  in an e las t ic  plate ,"  PMM, 2__~4, No. 3 (1960). 
V. S. Nikiforovski i  and N. I. Onis 'ko,  "On the problem of the back b reak -o f f  in an e las t ic  s lab,"  F i z . -  
Tekh. P rob l em y  Razrabo tka  Poleznykh Iskopaemykh,  No. 6 ~1967). 

568 


